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A semi-direct method for calculating flows
with viscous—inviscid interaction

By SArRKIS H. Bost AND ANaTOLY I. RUBAN

Department of Mathematics, University of Manchester,
Ozford Road, Manchester M13 9PL, UK

A new ‘semi-direct’ method for solving viscous—inviscid interaction problems for
high-Reynolds-number separated flows is developed. Both supersonic and subsonic
flow separation may be studied using this technique. The method is based upon the
vorticity and streamfunction formulation. It is fully implicit with respect to the vor-
ticity equation and ‘interaction law’, which describes the mutual interdependence of
the viscous layer near the body surface and the rest of the flow. The main idea of this
approach consists of taking advantage of the particular structure of the governing
equations, which allows the entire flow field to be solved simultaneously by using
the Thomas matrix technique. The method had better numerical stability character-
istics than most of the traditional techniques and was also faster than many other
techniques developed before.

In this paper the method is used for solving the classical problem of the boundary-
layer separation in compression ramp flow. Supersonic and subsonic versions of the
problem have been studied. In both cases the semi-direct method allows calculation
of flow regimes with extended separation regions corresponding to large ramp angles
that could not be analysed using other methods.

Keywords: separation; high Reynolds number; boundary layer;
finite-difference method; direct solver; compression ramp

1. Introduction

Despite the efforts of many scientists, numerical techniques to solve the viscous—
inviscid interaction problem remain slow and often exhibit divergence for solutions
with large separation regions.] In an attempt to improve this situation a new tech-
nique is proposed, which can be called the semi-direct method. It was found that
this method is much easier to implement than the direct method of Korolev (1991);
at the same time it appears to be almost as stable as the direct method. The main
idea of this approach consists of taking advantage of the particular structure of the
viscous—inviscid interaction equations, which allows us to simultaneously solve for
the entire flow field, both inside and outside the boundary layer, using the Thomas
matrix technique. The method is fully implicit with respect to the shear stress and
the interaction law; for this reason it proved to be more stable compared with the

t Present address: Department of Civil and Construction Engineering, UMIST, PO Box 88, Man-
chester M60 1QD, UK.

i For a recent review of the numerical methods in the theory of viscous—inviscid interaction, see ch. 7
in Sychev et al. (1998).
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Figure 1. The triple-deck structure.

traditional relaxation methods. In this paper the semi-direct method is used to solve
the classical triple-deck problem of boundary-layer separation in compression ramp
flow. Both supersonic and subsonic external flow regimes will be studied.

Let us consider two-dimensional flow past a compression ramp constructed of two
flat plates AO and OB, as shown in figure 1. Denote by Us,, poo, Moo and poo the
velocity, density, viscosity and pressure in the unperturbed freestream flow, respec-
tively. The distance from the leading edge A to the corner point O is denoted by L.
The plate AO is assumed to be aligned with the freestream and the angle between
the plates AO and OB is denoted by 6.

The Reynolds and Mach numbers are defined by

o Un L o\
Re = Do Moo:Uoo<£> .
Hoo Poo

Here, v is the ratio of specific heats, which is assumed to be constant in this investi-
gation. The Reynolds number is supposed to be large, while the Mach number is an
order-one quantity. Let * and y* be the dimensional coordinates along and normal
to the plate AO measured from the corner point O, as shown in figure 1; ©*, v* being
the corresponding velocity components and p* the pressure.

It is known that a triple-deck structure forms around the corner point O with
a characteristic length-scale of each deck indicated in figure 1. To introduce the
equations governing the flow in the lower deck, the following scaled variables should
be used (see, for example, Stewartson 1970):

= — +
' Re3/8ﬂ<1)/4p<1)/253/4a5/4 o Y Re5/8a3/4p(1)/251/4 v+ /@),
ST o= S (8
P(l)/zﬁl/‘lRel/S ’ p(l)/zReS/S Q)
al/Q,u(l)/zp 172 X
* = & _ /2 1/2 1/2 _1/4
p - poo + 1/2 1/2 1/4 p; 6 =a ,LLO /6 Re Q.
/6 po Re
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The semi-direct method 3065

In addition to the normal scaling of variables characteristic of the method of matched
asymptotic expansions, the relations in (1.1) include the Prandtl transposition, which
effectively introduces a new curvilinear coordinate system with x measured along the
body contour and y in the normal direction. The body contour is defined by y = f(x);
the non-dimensional density, viscosity and skin friction on the wall directly ahead
of the triple-deck region being denoted by pg, po and a, respectively. We also use
B = |M2 — 1]'/2, and we suppose that the scaled ramp angle o is an order-one
constant, so that the physical ramp angle 6 is small for large Reynolds numbers. For
the compression ramp body shape

0 ifzx <0,

f(z) = azH(z),  H(z)= {1 if 2 > 0.

Substituting (1.1) into the Navier—Stokes equations and matching with the sur-
rounding regions, the following interaction problem is obtained. The longitudinal
momentum and continuity equations are written as

ou ou d_p 0%y

Ua—m—‘—i)a—y:—dm—‘—a—yz, (12(1)
ou Ov
9ty =" (1.2b)

The no-slip conditions, the matching conditions with the solution in the middle deck
and in the boundary layer upstream of the interaction region are written, respectively,
as

u=v=>0 at y =0, (1.3a)
u—y+Alx)+-+ asy— o0, (1.3b)
u—y as T — —00. (1.3¢)

Here, A(x) is the displacement function, which has to be found as a part of the
solution to the interaction problem.

To close the interaction problem, an interaction law is needed. It can be formu-
lated based on the flow analysis in the upper deck of the triple-deck structure. For
supersonic flow this is given by Ackeret’s formula

dA  df
= 4+ L 1.4
p=E— T (1.4)
while for subsonic flow the interaction law is represented by Hilbert’s integral of the
thin aerofoil theory:
1 [ Al(s)—f
p= __/ Alls) = 11(8) 4 (15)
T J oo s—wx

To simplify the calculations, in this study f(z) is taken as a continuously differen-
tiable function:

flx) = %a[m + (22 + 7“2)1/2]. (1.6)

Here, r is a smoothing parameter that slightly rounds the compression corner; it was
typically taken to be r = 0.5.

Phil. Trans. R. Soc. Lond. A (2000)
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3066 S. H. Bos and A. I. Ruban

2. Formulations

The problem is reformulated in terms of the shear stress 7 = du/0dy. For this purpose
the momentum equation (1.2 a) is differentiated with respect to y, leading to

or or 0%t

— _— = 2.1
“am+”ay Oy? (21)

The velocity components v and v can be written in terms of the streamfunction
as

oy oy
- = === 2.2
u=go  v=-% 22)
the shear stress being related to ¢ by
0%
To integrate this equation, the no-slip boundary conditions have to be used
0
v=2%_0 ay—o. (2.4)
dy

Two of the boundary conditions for equation (2.1) follow from (1.3¢) and (1.3b),
respectively:

T—1 asx— —o0, (2.5a)

T—1 asy— +oo. 2.5b)

The third boundary condition may be derived easily by putting y = 0 in the momen-
tum equation (1.2 a):

or

_dp
oy

= (2.6)

y=0
It follows from (1.3 b) that the displacement function A(x) may be written as
y
A(z) = lim (u—y) = lim (r—1)dy. (2.7)

Yy—o0 Y= Jo

When the supersonic version of the problem is considered, the interaction law is
represented by the Ackeret formula. Combining (1.4) with (2.7) and (2.6) leads to

or 9% [ d?
0

y=0

Due to the effect of upstream influence through the boundary layer in the interaction
region, one more boundary condition at a downstream location should be formulated.
In this study we will suppose that, as © — 400, the flow returns to its unperturbed
form. Taking this into account we will write

T—1 asz — +oo. (2.9)

Phil. Trans. R. Soc. Lond. A (2000)
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The semi-direct method 3067

In the subsonic case, the only change that has to be made in the above formulation
concerns the interaction boundary condition (2.8). Instead of the Ackeret formula
(1.4), the Hilbert integral (1.5) should be used. This integral has a singularity at
s = x and was evaluated in our calculations as follows.t At each grid point x;

/oo A1) 4o o /EI A1) ds:li/w A1) 4,

S — X . S — I . S — I
oo 1 i =177 i

where [ is the number of grid points along the x-axis. For each mesh interval exclud-
ing the two intervals surrounding s = x; we can calculate the integral

Tj41 A/
K’i,j = / ﬁds,

. S —XI;
j [

using the Taylor expansion for the derivative of the displacement function

A

O = Wlap) + A )5~ apn) o, o2 <o,
0A ‘ .
%zA’(mj)+A"(mj)(s—mj)+---, fori+1<j< -2

This gives
Al(2y5) In 2L i g,
Kij= T mi—_mm-j
A(z)in = if i i1
Z‘j — X;

The second-order approximation to the integral over the interval [x — Az, z + Ax] is
easily shown to be 2AxzA” (x). Therefore, equation (2.6) may be written as

oo 1"
or — _ZA_mA,,,(m) _ lig(m) L1 f_(s)ds’ (2.10)
1,0 ™ mdz T ) woS—

where
i-2 -2
j=2 j=i+1
3. Numerical method for supersonic flow
For numerical solutions of equations (2.1)—(2.9) the following mesh is introducedi
i=1,...,1,
(-Ti)yj)a {j:]-,...,J,

where Ax and Ay are the mesh spaces in the z- and y-directions, respectively. Denot-
ing the values of 7 at the node points by 7; ; and using the boundary conditions (2.9)

t We are grateful to V. B. Zametaev for suggesting this approach to us.
I More precisely, the calculations were performed in suitably stretched coordinates similar to those
in Cassel et al. (1995).
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3068 S. H. Bos and A. I. Ruban

and (2.5), the following values of 7 on the boundary of the computational domain
are to be prescribed

n,;=1, forj=1,...,J, (3.1a)
Tr;=1, forj=1,...,J, (3.1b)
=1, fori=1,...,I (3.1¢)

The values 7; ; in the interior points, including those on the wall, are unknown and
should be found as a result of computations. For this purpose the Thomas matrix
technique will be used. Instead of dealing with individual scalar quantities 7; ;, the
following vectors are considered

Ti1
Ti2 )

T, = . , fori=2,...,1—1.
Ti,J—1

These vectors are composed of unknown values of the shear stress along the mesh lines

x;. Equation (2.1), being written in finite-difference form, relates unknown values of

7 on each mesh line x; with those on neighbouring lines x; ; and z;,; only. This

means that the equations relating vectors T; may be written in the form

At +Br ST, =D, fori=2,...  I-1. (3.2)

Here, AZ-, BZ- and CZ- are (J —1) x (J — 1) matrices and D, is a vector of size (J —1).

The following reduction formula can be applied to solve the set of equations (3.2):

T.="T ., +Q; (3:3)

where RZ- isa (J—1)x (J—1) matrix and Q); is a vector of size (J — 1). Using (3.3)
one can reduce (3.2) to the form

T, = _(Bi + CiRi+1)_1Ai'E'—1

from which it follows that

- (Bi + CiRi+1)_1(CiQi+1 - D,),

Ri = _(Bi + CiRi+1)_1Ai> (3.4a)
Q= _(Bi + CiRi+1)_1(CiQi+1 - D). (3.4b)

Now the right-hand side boundary condition (3.1b) implies that T} is a unit vector.
Choosing i = I in (3.3) we see that this condition is satisfied independently of T;_
provided that

Ri—o, @/ =1 (3.5)

A B C

In our calculations the matrices “*;, =;, ~; and vectors D; were composed in the
following way. At each internal point of the computational grid, the finite-difference
approximation of the momentum equation (2.1) was written in the form

Tij —Ti-1,j

w Az LV Lot (Tij+1 — Tij—1)
(2% T’H—l,j — Ti,j 1f u%‘ < O 7 2Ay
AZ‘ 2y

Tig41 — 2Tij T Tij—1 (
_ . (3.6)
(Ay)?

Phil. Trans. R. Soc. Lond. A (2000)
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The semi-direct method 3069

Asterisks in u; ; and v} ; are used here to indicate that the velocity components in
(2.1) are evaluated at the previous iteration.

For j =1and all i = 2,...,I — 1, the finite-difference version of the interaction
law (2.8) is used

(Ti,z — Ti,l) . Ay ! Ay
Ay - 2(A.Z‘)2 ;(Tl—l,] +TZ—1,]—1) + (AZ‘)Q :
Ay < azf
BETINSE Z;(Tiﬂ,j + Tiv14-1) + FPch (3.7)
j=

(T3 + Tij—1)

J
=2

According to (3.6) and (3.7), matrix coefficients AZ- and CZ- in (3.2) have non-

zero elements along the main diagonal produced by the momentum equation (3.6)
and along ghe first line produced by the interaction law (3.7). The second matrix
coefficient ~; in (3.2) also has non-zero elements along the first line coming from the
interaction law and along three diagonals, the main diagonal and the two diagonals
adjacent to the main diagonal, these elements all come from the momentum equation.
The vector D; on the right-hand side of (3.2) has only two non-zero elements, the first
one coming from the interaction law and the last one coming from the momentum
equation.

Using the recurrenceﬁgelations (3.4) and ‘initial conditions’ (3.5) one can calculate
the Thomas matrices "'; and vectors Q;. Then the 7-field may be updated using
equation (3.3) and the initial condition (3.1a). With known 7, new u, ¢ and v are
computed using (2.3), (2.2), and the procedure to calculate the 7-field as described
above may be repeated.

4. Numerical method for subsonic flow

When calculating the subsonic problem it is necessary to use a four-point finite-
difference formula to incorporate the third-order derivative A"’ in the interaction
law (2.10):

—Ai_o + 34,01 —3A; + Ay

Al = TE (4.1)

On account of this equation, (3.2) will now take the form
AT o+ Br ST P —E, fori=3,....1-1, (4.2)
with AZ-, BZ-, Ci and DZ- being (J—1) x (J —1) matrices and E; a vector of size (J—1).

The boundary conditions (3.1) still hold, but to solve (4.2) these should be sup-
plemented with

7'2’]‘:]., fOI'j:].,...,J. (43)
Applying the Thomas reduction formula

R

1—11': i1—1’i+1+Qi7 fOI'i:3,...,I—]. (44)

Phil. Trans. R. Soc. Lond. A (2000)
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3070 S. H. Bos and A. I. Ruban

to the matrix equation (4.2) yields the following recurrence formulae for RZ- and Q;:

R (_AiRi—QRi—l - BiRi—l - Ci)_lDia (4.5)
Q= (_AiRi—QRi—l - BiRi—l - Ci) ( i - 2Qz 1+ in’—z + BiQi—l - E;).
(4.6)

To use (4.5) and (4.6), initial conditions on the first two mesh lines should be known.
%1 accordance with (3.1a) and (4.3) both T} and T, are unit vectors. Consequently,
1= 2—OandQ1 %2 D
The matrlces iy iy is i and vector E; are set up using the following finite-
difference version of the momentum equation (2.1)

3Tij —4Ti1j +Tioa

* 2Ax lfui’j > 0 * ( ,j+1 ,j 1)
i Tit1,5 — Ti,j e i 2Ay
T lf “i,j < O
Tij+1 — 2T+ Tij1
= = : 2= (4.7
By)? @)
and interaction law (2.10)
(Tio —Ti1) 1 " G(ri 1) = G(Ti41)

—= ot = ¢ 2Ax(A"); - F R 4.

x —Fana(am); + THEL (eme b (48)

where formula (4.1) is used for A" and G(z) is defined by ( 11& D
Similar to the supersonic case, the matrix coeﬂicients i, ; and 7, in equa-
tion (4.2) have non-zero elements along the first line and main diagonal, while in —;
the first line and the three main diagonals are non-zero. The former is produced by
the interaction law (4.8), while the latter comes from the momentum equation (4.7).
The iterations for the subsonic flow were performed in the same way as those for
the supersonic viscous—inviscid interaction.

5. Calculation results and conclusions

Computational results for the supersonic problem are presented in figure 2. The
initial conditions at the start of the iteration process were taken to be 7 = 1.0,
u = y and v = 0 throughout the computational domain. The calculations were
performed with a grid of 200 points in the z-direction and 100 points in the y-
direction using the transformed coordinates similar to those in Cassel et al. (1995).
The formation of the separation region in the supersonic flow and the start of the
development of the ‘re-attachment peak’ with growing compression ramp angle «
may be observed in figure 2a. In figure 2b, the ‘plateau’ formation in the pressure
distribution, characteristic of separated flows, is clearly seen. From figure 2a it can
be seen that separation starts at a critical ramp angle oy ~ 1.62, which is slightly
higher than the value as ~ 1.57 found by Rizzetta et al. (1978) and almost equal to
that in Cassel et al. (1995).

The skin friction and the pressure plots for larger values of a are shown in parts ¢
and d of figure 2. Figure 2¢ reveals the formation of a secondary separation (i.e. the
appearance of a reverse-flow region within the separation region). Oscillations in the

Phil. Trans. R. Soc. Lond. A (2000)


http://rsta.royalsocietypublishing.org/

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

The semi-direct method 3071

-3 1 _— =4
----- a=5
—41 mals
_5 T T T T T T T
—20 -10 0 10 20
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—=—200 x 100
—+—100 x 50
——200 % 50
—6-100 x 100

10 20

Figure 2. Skin friction, pressure distribution and streamlines for compression ramp flow with
supersonic external flow. (a) Skin friction for small angles with supersonic external flow. (b) Pres-
sure distribution for small angles with supersonic external flow. (¢) Skin friction for larger angles
with supersonic external flow. (d) Pressure distribution for larger angles with supersonic exter-
nal flow. (e) Streamlines for angle o = 3.5, Aty = 1.0 outside the zero line and Ay = 0.3 inside.
(f) Skin friction distribution for supersonic flow across a compression ramp at angle a = 3.5,
plotted for several grids (N., Ny).

skin friction distribution were observed, for & = 8.0. These remain for different mesh
sizes but change slightly in nature with a decrease in Axz; the solution being well
converged to a required tolerance.

Figure 2e shows the streamlines for the ramp angle = 3.5. The line marked
with x is the dividing streamline where 1) = 0, the streamlines above and below
this line are equally spaced with A indicated in the caption. In figure 2f the skin
friction distribution along the compression ramp surface at o = 3.5 is plotted for
several grids to demonstrate independence of the calculation results. The number
of iterations needed to calculate the flow at ramp angle o = 3.5 is about 350, this

Phil. Trans. R. Soc. Lond. A (2000)
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44 )

X
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o a=35 41 0= 3.5
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=20 -10 0 10 20

Figure 3. Skin friction, pressure distribution and streamlines for compression ramp flow with
subsonic external flow. (a) Skin friction for small angles with subsonic external flow. (b) Pressure
distribution for small angles with subsonic external flow. (¢) Skin friction for larger angles with
subsonic external flow. (d) Pressure distribution for larger angles with subsonic external flow.
(e) Streamlines for angle o = 4.0, Ay = 1.0 outside the zero line and Ay = 0.15 inside. (f) Skin
friction distribution for subsonic flow across a compression ramp at angle a = 3.5, plotted for
several grids (N., Ny), (Az, Ay).

is significantly less than that needed when using the relaxation method by Ruban
(1978).

Calculation results for subsonic compression ramp separation are shown in figure 3.
The skin friction 7, and pressure p are plotted against x in parts a and b of figure 3,
respectively, for values of the ramp angle o up to 3.0. Due to the elliptic nature of
the equations governing the fluid motion outside the boundary layer, the upstream
influence in the subsonic flow proves to be more pronounced than in the supersonic
flow. It can be seen from figure 3a that the separation in the subsonic flow starts
later; the critical ramp angle may be estimated as being a, =~ 2.31. This is quite

Phil. Trans. R. Soc. Lond. A (2000)
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The semi-direct method 3073

close to the value predicted by Korolev (1991), who performed his calculations for
a similarly rounded compression ramp shape. Earlier calculations by Ruban (1976)
were performed for a sharp compression ramp, and he reported that a, ~ 2.0. The
difference may be attributed to the change of the body shape. Smith & Merkin (1982)
obtained a, = 2.51 for the sharp compression ramp.

The skin friction and the pressure plots for larger values of a are shown in parts ¢
and d of figure 3. Korolev (1991) was able to continue his calculations for subsonic
compression ramp flow for ramp angles up to a = 7.0. However, he used only 61
mesh points in the z-direction, whereas our calculations indicate that at least 200
points should be used for the calculation results to be independent of the mesh size.

Figure 3e shows the streamlines for ramp angle a = 4.0; the development of
the recirculation region is clearly visible in this plot. In figure 3f the skin friction
along the compression ramp surface at angle @ = 3.5 is plotted for several grids
to demonstrate independence of the solutions obtained. The number of iterations
needed to calculate the compression ramp flow at angle a = 3.5 for subsonic flow is
about 100.

In conclusion, a new numerical method to calculate two-dimensional viscous—
inviscid interaction problems has been proposed. It is fully implicit with respect
to the shear stress 7, which significantly improves the stability characteristics of the
method, allowing us to perform the calculations with a smaller number of iterations
and, more importantly, for larger values of o than was possible with conventional
relaxation methods.
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